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THE DYNAMIC STABILITY OF RAILWAY VEHICLE
WHEELSETS AND BOGIES HAVING PROFILED WHEELS

A, H, WICKENS

British Rail Research Department, Derby

.
Abstract-The dynamic instability of railway vehicle bogies and wheelsets is caused by the combined action of
the conicity of the wheels and the creep forces acting between the wheels and rails. In this paper, the instability
is investigated in the important case where the wheels are profiled rather than purely conical. Equations of
motion are formulated and stability criteria obtained which indicate the effect of varying the various parameters
of the system. The nature of the motion at the critical speed is investigated and the mode of energy conversion
between the forward motion of the vehicle and the lateral motion of the bogie or wheelset is explained.
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length of contact area in direction of rolling
relative amplitudes of generalised coordinates 4>, and 4>2
length of contact area transverse to direction of rolling
moment of inertia in yaw of wheelset
length, defined in Fig. 1
suspension viscous damping coefficients in longitudinal and lateral directions
longitudinal and lateral creep coefficients
dissipation function
modulus of rigidity
= C/m/2

moment of inertia of bogie divided by m[l
suspension elastic stiffness coefficients in longitudinal and lateral directions
length, defined in Fig. 1
mass of wheelset
tractive torque
normal reactions at contact points
coefficients in characteristic equation
tractive force
lateral displacement of wheelset or bogie
yaw of wheelset or bogie
lateral force exerted by rails on wheelset
yawing moment exerted by rails on wheelset
wheel tread circle radius, wheelset in central position
radii of tread circles, wheelset displaced laterally
radius of curvature of wheel tread
radius of curvature of rail head

/ d

Vo dt
time
kinetic energy
= VIVo
non-dimensional critical speeds
forward speed of vehicle; potential energy
reference speed
axle-load
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= ).l/ro
length, defined in Fig. I
longitudinal and lateral creepages
mass of bogie divided by mass of wheelset
angle between contact plane and horizontal at contact points
angle between contact plane and horizontal, wheelset in central position
defined by equation (3)
non-dimensional stiffness coefficients
non-dimensional damping coefficients
effective conicity
= '1, + iv;, root of characteristic equation
phase angle
non-dimensional creep coefficients
= wl/Vo
= ql/l
= q~

functions of (a/b) involved in calculation of creep coefficients
circular frequency
= VI/Voro

INTRODUCTION

AT CERTAIN forward speeds, some railway vehicles experience sustained oscillations in
the lateral plane. These oscillations arise because of the dynamic instability of these
vehicles caused by interaction between the conicity of the wheels, the forces acting between
the wheels and the rails and the action of the suspension. Railway vehicles were originally
provided with coned wheels in order to obtain a measure of static stability, but as wheel
treads rapidly wear with use, wheels which commence life with conical treads come to
possess concave treads which possess curvature in the transverse direction. The behaviour
of a vehicle with profiled wheels of this type is significantly different from that of a vehicle
with coned wheels, and this paper presents a general theory of the stability of the small
oscillations of elastically restrained wheelsets (a wheelset consisting of two wheels
mounted on a rigid, common axle) and bogies having profiled wheels.

The system considered consists of a single wheelset or bogie (Fig. 1) connected by
means of an elastic suspension to a vehicle body which is assumed to move forward at
constant velocity with negligible lateral motion. The suspension possesses flexibility in
the longitudinal and lateral directions. The bogie consists of two wheelsets mounted,
without lateral or longitudinal flexibility, in a rigid frame. The neglect of the lateral
motions of the vehicle body can be justified in general terms on the basis that the body
has a much greater mass than a wheelset or bogie and that the instability discussed here
occurs at frequencies which are much higher than the natural frequencies of the body
oscillating on the suspension. A more specific justification can be given by considering
the stability of a complete vehicle with appropriate body freedoms; this will be done in
a sequel to this paper.

It is well known that an elastic structure which is subject to non-conservative forces
may become dynamically unstable under certain conditions of loading. Apart from the
instabilities of other wheeled vehicles, such as shimmy of automobiles, examples of
elastic systems of this kind are provided by structures loaded by aerodynamic or hydro­
dynamic forces, rotating shafts and servo-mechanisms with structural feedback; the
nature of the instabilities of systems of this type has been discussed by Bolotin [1]. In
the system discussed here the non-conservative forces arise from the phenomenon of
creep. When elastic bodies roll together, contact takes place over an area which can be
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determined by the theory of Hertz. It has been found that a tangential force transmitted
across the contact area will cause a relative velocity, or creep, of one surface relative to
the other. Provided that the tangential force is less than about one third of that necessary
to produce sliding of one body over the other, the creep velocity is proportional to the
tangential force. Creep arises because, in the contact area, there is a region of adhesion
and a region of slipping in which the tangential traction is equal to the limiting friction.
The creep velocity is consistent with the difference in the elastic strains between the two
bodies in the region of adhesion. As the magnitude of the tangential force increases, the
region of slipping occupies a larger proportion of the contact area, until sliding occurs
as the tangential force equals the limiting friction. For small values of the creep velocity,
slipping is confined to the trailing edge of the contact area and the phenomenon is
independent of the coefficient of friction, being governed only by the elastic strain dis­
tribution in the vicinity of the contact area.

(0) Bogie

(b) Wheelsel

FIG. I. Elastically restrained wheelset and bogie.

Carter [2] recognized the importance of the phenomenon of creep in the lateral
dynamics of railway vehicles, and considered the stability of various configurations of
locomotives [3], indicating the existence of critical speeds separating regions of stable
and unstable motions. Previously, a theoretical analysis of the kinematic oscillation of a
slowly rolling wheelset with coned wheels had been given by Klingel [4]. The stability
of locomotives was also considered by Rocard [5], and a discussion of stability using the
concept of energy balance was given by Cain [6]. Up to this time, only conical wheels
had been considered but Davies [7] and Davies and Cook [8] investigated the motions
of wheelsets experimentally and theoretically and indicated the importance of the wheel
and rail profiles. The effect of wear of the wheel tread on the kinematic oscillation was
discussed by Heumann [9]. For profiled wheels, the lateral component of the change
in the normal reactions between wheel and rail as the wheelset is displaced is proportional
to the lateral displacement. This effect was included in studies made by de Possel and
Beautefoy [10] and by Muller [11]. The stability of a rigid trolley with coned wheels
has been considered by Brann [12] and the stability of a complete vehicle with coned
wheels by Matsudeira [13]. Certain non-linear aspects of the lateral dynamics of railway
vehicles have been considered by de Pater and Katz [14].
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EQUATIONS OF MOTION OF THE ELASTICALLY RESTRAINED
WHEELSET

(1)

A wheelset which is moving along the track at constant speed has two degrees of
freedom, and appropriate generalized coordinates are q 1, the lateral displacement of
the centre of mass ofthe wheelset, and q2 the angle of yaw of the wheelset. Local deflections
of the wheelsets and rails at the points of contact will be neglected in the formulation
of the equations of motions, which are

mql +2d2Ch +2k2ql = QI'

Cq2+2d2dlCh+2d2klq2 = Q2>

R'

/
/

I /

I" /
~
V

8

R

where the generalized forces Ql and Q2 represent the forces acting between the wheels
and the rails, m is the mass of the wheelset, C the moment of inertia in yaw, k 1 and k 2

represent the suspension stiffnesses in the longitudinal and lateral directions and d 1

and d2 represent the corresponding suspension dampings.
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FIG. 2. Geometry of wheel and rail contact.

It will be assumed throughout the analysis that the angle made by the contact plane
with the horizontal, 150' at each of the contact points when the wheelset is in the centre
position is a small quantity of the same order as the generalized displacements, so that
for the small displacements considered here, products of 15 0 with ql or q2 and their
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derivatives are negligible. The angle of roll of the wheelset as it is displaced laterally
is then a second order quantity, and gyroscopic forces may be omitted from equations (1).

When the wheels are in the central position on the track, the tread circles of both
wheels of the wheelset have the same radius roo When the wheelset is displaced laterally,
contact occurs at new points (Fig. 2) and the angles made by the contact planes at these
points are denoted by band b' respectively, and the radii of the tread circles become
rand r'. If R is the radius of curvature of the wheel tread and R' is the radius of curvature
of the rail head, then for small displacements reference to Fig. 2 shows that

or

b-bo = qd(R-R'),

so that

where

e = l/(R - R').

Similarly

Also from Fig. 2 it follows that

R 2 2
r-ro = "2(b -bo)

R
= "2(b-bo)(b+bo)

(2a)

(3)

(2b)

Thus

where

= R(b-bo)bo

= Reboqtll.

approximately,

(4a)

Similarly,

;. = Rt5o/(R - R'). (5)

(4b)

The parameter J. will be termed the effective conicity, for if the wheels were conical J.
would be equal to the cone angle. Equation (5) is due to Heumann [9]; equations (3)
and (5) were also derived by de Pater [15].
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The normal reactions at the contact points, Nand N', are given by

N= -fz(mroij l +2d2roifJ +2k2roql - WI}

N' = ;1 (mroij I +2d2roi!J +2k2roql +WI}
where W is the axle load. The lateral resultant of these normal reactions is

N'~' -N~

= - Weqdl

representing a restoring force, as is obvious on physical grounds.
The forces acting in the contact plane arise from the phenomenon of creep and will

be assumed to consist of a longitudinal and a lateral component. The longitudinal force
acting on the wheel can be expressed as - fy where f is the longitudinal creep coefficient
and y is the longitudinal creepage, defined by Carter [2] to be

actual forward displacement - pure rolling forward displacement
y = forward displacement due to rolling

Similarly, the lateral force acting on the wheel can be expressed as - f'y' where f' IS

the lateral creep coefficient and y' is the lateral creepage

, actual lateral displacement - pure rolling lateral displacement
y = forward displacement due to rolling

The relationship between the creepage and the creep forces has been investigated for a
variety of practical situations. Carter [16] gave a solution to the creep problem for the
two-dimensional case of two long cylinders, pressed together by a normal force, and
transmitting a tangential force across the contact strip. Similar results were obtained by
Poritsky [17], and in the discussion of [17], Cain [18] pointed out that the region of
adhesion must lie at the leading edge of the contact area. A three-dimensional case was
solved approximately by Johnson [19] who considered an elastic sphere rolling on an
elastic plane. This solution was based on the assumption that the area of adhesion is
circular and tangential to the area of contact (which is also circular) at the leading edge.
Reasonably good agreement with experiment was obtained. The influence of spin about
an axis normal to the contact area has also been studied by Johnson [20]. De Pater [21]
has also investigated the case where the contact area is circular, and derived solutions
for both small and large creepages, without making assumptions about the shape of the
area of adhesion. However, this analysis was confined to the case where Poisson's ratio
was zero; Kalker [22] has given a complete analytical treatment for the case in which
Poisson's ratio is not zero. The agreement between these theoretical results and the
experimental results of Johnson [19] is very good. The general case where the contact
area is elliptical has been considered by Haines and Ollerton [23] who confine their
attention to creep in the direction of motion and assume that Carter's two-dimensional
stress distribution holds in strips parallel to the direction of motion. A general theory
for the elliptical contact area, based on similar assumptions to those made in [19], has
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been developed by Vermeulen and Johnson [24], yielding the relationship between creep­
ages and tangential forces for arbitrary values of the ratio of the semi-axes of the contact
area.

According to the solution given by Vermeulen and Johnson [24] the creep functions
are given by the expressions

f = Grcabl<l>,

f' = GrcabN t,

where G is the modulus of rigidity, 2a is the length of the contact area in the direction
of rolling and 2b is the length of the contact area transverse to the direction of rolling.
The functions <I> and t/J t depend on alb and Poisson's ratio only, and have been derived
and plotted in [24]. The dimensions of the contact area are obtained from the relations
due to Hertz, and depend on the relative curvatures of wheel and rail and the normal
reaction N. From [25],

3(1-(J)N

2(~+~+~)G
R R' ro

where m, n are constants dependent on the curvatures, and (J is Poisson's ratio. Values
for m, n are tabulated in [25]. The creep coefficients are proportional to N 2

/
3

, and in
the case where the contact area is circular, alb = 1, and

<I> = rc(4-3(J)/16,

t/Jt = rc(4-(J)/16.

It will be assumed in the present analysis that the effect of variation of the normal reaction
due to the motion of the wheelset has a negligible effect on the value of the creep co­
efficients.

v ..

B

(~-q )
v •

FIG. 3. Creep forces acting on wheelset.

A forward motion of the wheelset in a small interval of time results in the following
displacements at the wheel tread in the longitudinal and lateral directions respectively,
for wheel A (Fig. 3)

Vdt-ldq2' dqt,
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and for wheel B
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Vdt+ldq2' dql'

Because bo is considered small, the difference between the lateral displacement of the
wheelset at the centre of mass and at the treads due to tilting of the wheelset is neglected.
The corresponding components of rolling displacements are, for wheel A

and for wheel B

(ro-AqdV dt/ro,

It follows that the creepages are, for wheel A

A I .
y = --ql --q2'

ro V

and for wheel B

, iII
Y = V-q2'

The generalized forces QI and Q2 can now be written down in the form

2f'iII If' W ql
QI = ----v-+2J q2 - sT'

(6)

(7)

(8)

J,l = 2fl/mV6,

2f[2iI2 2fAl
Q2 = ------ql·

V ro

Substituting from equations (8) into equations (1) and defining the following non­
dimensional quantities

J,l' = 21' I/m V6,

IX = AI/ro,

j = C/ml2
,

SI = 2k l d
2

/ mV6,
¢I = qtfl,

'I = 2d l d/mVo,

S2 = 2k2 12
/ mV6,

¢2 = qb

1 d
s=--

Vo dt'

'2 = 2d21/mVo,

il2 = Wd/mV6,

where Vo is a reference velocity, the equations of motion take the form

[s2+(~+'2)s+e2J¢I-J,l'¢2 = 0,

J,l1X¢1 +[jS 2+ (~+'I)S+SJ ¢2 = 0.

(9)
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The non-conservative nature of the system is indicated by the assymmetry of the coupling
terms due to creep and conicity. It is due to this property that dynamic instability can
occur.

Some typical values are

ro = 1·75 ft,

m = 90 slugs,

k 1 = k2 = 5000 lb/ft,

R' = 0·690 ft,

1 = 2·5 ft,

C = 360 slugs fe,

f = f' = 3 x 106 lb,

R = 0·787 ft,

d = 3·25 ft,

W = 9300 lb,

<5 0 = 0,05,

and taking the reference velocity Vo = 100 ft/sec it follows that

J1 = J1' = 16·7 <:X = 0'571,

1:1 = 0·1176, 1:2 = 0'0694,

j = 0'640,

~2 = 0·6562.

These numerical values will be used to illustrate the theory as it is developed.

KINEMATIC OSCILLATIONS OF WHEELSETS

Before considering the stability of the elastically restrained wheelset it is useful to
consider the behaviour of an unrestrained wheelset in motion at a low forward speed.
The theory appears to have been first given by Klingel [4]; it is also discussed by Carter
[2].

As the wheelset is unrestrained, the elastic suspension stiffnesses will be zero. To
obtain the solution of Carter it is also necessary to neglect the gravitational stiffness
terms which were not included in Carter's analysis. Also neglecting the inertia terms,
the equations of motion reduce to

J1S
J1<:XcP1 +-cP2 = O.

V

Elimination of cP1 and cP2 yields

indicating that the motion has a single undamped oscillatory constituent with frequency
v given by

(10)

In dimensional terms, the frequency is

W= V /~
Y~ol

and is therefore proportional to the forward speed of the wheelset.



328 A. H. WICKENS

The motion of the wheelset in this mode is

<PI = -al cos vt,

<P2 = a2 sin vt,

where

This motion is independent of the values of the creep coefficients, because it is a case
of pure rolling and the creepages y and y' are zero at every instant during the motion.

As the frequency is proportional to speed the neglect of the inertia terms is seen to be
appropriate for very low forward speeds. For the typical wheelset, the parameters of
which were given above, the wavelength of the kinematic oscillation is 20·8 ft. For coned
wheels, 00 = 0'05, the wavelength is 58·8 ft.

APPROXIMATE ROOT LOCUS FOR THE ELASTICALLY RESTRAINED
WHEELSET

In the absence of suspension damping, the effect of which will be discussed later, the
equations of motion take the form

(S2+~S+£2)<PI-J1.'<P2 = 0,

(11)

For a free motion of the type

the characteristic equation of the system is

P4A4+P3A3+P2A2+PIA+Po = 0,

where
P4 = j,

1( , = )PI = - J1. E1+ J1.E2 ,
V

(12)
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Typical solutions of this quartic equation show that it possesses a pair of real roots
with relatively large values, and a pair of complex roots with relatively small modulus.
Due to the large difference in size of the moduli, an approximation to the larger roots is
given by equating to zero the first three terms of the characteristic equation. An approxi­
mation to the quartic then takes the form

~4A2 +P3)'+ P2)(A2+P2P1~P3PO A+~:) = ° (13)

which is chosen so that the coefficients of the terms in A of order one and zero of the
quartic shall have their correct values. Because, in most practical applications, the
magnitude of the creep coefficients is large in relation to the inertia and stiffness co­
efficients, a further approximation consisting of writing

JiJi'
P2 = -2'

V

Po = JiJi' ex,

is made. Accordingly, equation (13) can be further factorised and written as

(A+111)(A+112)(A2+2113A+V~) = 0,

where

111
Ji'

v

The two real roots A = -111 and A = -112 correspond to heavily damped subsidences.
The former subsidence is associated with a motion in which only lateral translation

of the wheelset takes place, yawing of the wheelset being negligible to the present approxi­
mation. Similarly, the latter subsidence refers to a motion in which yawing of the wheelset
is predominant, lateral translation being negligible. The quadratic factor yields a conjugate
complex pair of roots on solution, corresponding to an oscillatory motion. The frequency
V3 of this oscillation is the same as the frequency ofthe kinematic oscillation, equation (10).
The damping of the oscillation is positive at low speeds, and as the speed is increased it
reaches a maximum and then decreases until it vanishes at a critical speed vo given by

2 _ 1(Ji'e 1+ jiE2~ (14)vo - - ., .
ex JJi+Ji

The damping is negative at higher speeds, and the system is therefore unstable. The
critical speed is inversely proportional to the square root of the conicity ex, and therefore
becomes infinite when the effective conicity is zero--a result to be expected as the lateral
translation and yawing modes of the wheelset are then uncoupled. Overall increases of
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(15)

(16)

stiffness are stabilising and overall increases in inertia are destabilising. The frequency
at which instability occurs, v<, is given by

2 = (fl'e 1+w.2)vc . , .
Jfl + II

Comparison of (14) and (15) shows that the system is unstable when the kinematic
frequency exceeds the frequency given by (15), as illustrated by Fig. 4, which shows the
behaviour of the oscillatory root as the speed varied. For the example wheelset the critical
speed is 94·9 ftlsec, and the critical frequency is 4·56 cis.

FIG. 4. Behaviour of oscillatory root for elastically restrained wheelset as speed is raised.

The maximum damping factor occurs at low speeds and is

'731 1 (e1 £2)
V3 v-O = 2.Jrx \;+ fl' .

For the example wheelset, the maximum damping factor is only 0·0334.

EXACT TREATMENT OF WHEELSET INSTABILITY

The approximate solution derived above is useful in indicating the behaviour of the
system at various speeds. If attention is restricted to the motion at the critical speed,
an exact analysis of the system is possible.

At the critical speed, the motion is sinusoidal and the characteristic equation (12)
may be replaced by the two conditions

2 PI
V C =-,

P3

P4V~-P2V~+PO = O.

The elimination of the critical frequency between these two equations yields Routh's
discriminant for the system. The first of equations (16) yields equation (15), so that the
critical frequency given by the approximate factorization of the characteristic equation is,
in fact, exact. The second of equations (16) yields, after some reduction, an expression
for the critical speed Vc which, in terms of the approximate critical speed Vo given by
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equation (14) is,

(17)

Equation (17) shows that the approximate value for the critical speed will be accurate
provided that either the creep coefficients are very large in relation to the elastic stiffnesses
or that the modal frequencies are sufficiently close.

The motion of the system, in the mode in which the damping is zero at the critical
speed will take the form

(18)

so that e is the phase lag of yaw behind lateral translation and at and a2 are relative
amplitudes. Substituting from (18) into the equations of motion yields the relationships

sin e=

(19)

Eliminating the amplitude ratio alla l from (19) gives

(20)

or, equivalently using (15),

(21)

Now, equation (15) shows that the critical frequency lies between the modal frequencies
which are equal to £2 and etfj. If etfj is greater than £2' tan eis positive, but if etfj is less
than £2' tan e is negative. Normally, the creep coefficients J1 and J1' are large relative to
the inertia and stiffness coefficients, and then e will be slightly less than - 90° if el/j is
greater than £2 and slightly greater than -90° if etfj is less than e.

Eliminating e from equations (19), the amplitude ratio is found to be

(22)

The amplitude ratio is therefore identical to that found in the kinematic mode of the
slowly rolling, unrestrained wheelset.

The motion in the critical mode is therefore closely similar to that of a slowly rolling,
unrestrained wheelset. In the case of the example wheelset the phase angle 0 is - 89'04°.
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ENERGY BALANCE AT THE CRITICAL SPEED

Let P represent the tractive force acting on the wheelset in the longitudinal direction
and M the tractive torque. The axis of the torque vector, lies along the centre-line of the
axle. Then, referring to Fig. 5, for equilibrium we have to the second order in the gen­
eralized coordinates

(23)

I'- slf! 1'-' s~- 2" (a4>t .') +"2 (.1-4>2)4>2 --~......,..

FIG. 5. Resultant longitudinal forces and tractive forces acting on wheelset.

P, v -----f--'

'0 ( S¢2)M = T/1a¢l a¢\+~ .

The longitudinal force arises from the lateral creep forces and the torque arises from the
longitudinal creep forces. The elastic and inertia forces have no resultant in the longi­
tudinal direction. (The tractive forces P and M represent the incremental values due to
the lateral motion.)

The kinetic energy T of the system is

T = 'h 2¢i +!js2¢~, (24)

and the total potential energy V, arising from the strain energy of the suspension and the
gravitational potential energy is

(25)

Introducing a dissipation function F for the creep forces, analogous to Rayleigh's dis­
sipation function, equal to half the rate of energy dissipation, which is for two wheels

F = !/1vy2+!/1'vy'2. (26)

The equation of energy balance is

d
dt (T+ V)+2F-Pu-MO = 0, (27)

(28)

where 0 is the constant (non-dimensional) angular velocity of the wheelset. On substitu­
tion from (23), (26) and (6) and (7) the energy balance equation becomes

d . ( ~2)' .(~\ ,J,) °dt (T+ V)+/1¢2\a¢1 +-;- +/1 ¢1 -;--'1'2 = .
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This equation can also be obtained by multiplying the first of equations (11) by ~t, the
second of equations (11) by ~2 and adding. Equation (27) clearly shows that the source of
energy which promotes the active behaviour of the system is the tractive effort.

At the critical speed, and considering only the critical mode, equation (27) may be
integrated over one complete cycle of the oscillation. Since the kinetic and potential
energies have the same values at the end of the cycle as they had at the beginning of the
cycle, we have

2J: Fdt-vJ: Pdt-OJ: Mdt = 0

where T = 2n/vc • On substitution from equations (18)

2J
T d fJ.vn(a~v~ 2 2 2C(Qta2vc. e)F t = - -2~+il( at + sm +

o ~ v v

fJ.'vn(aiv; 2 2a t a2vc • e~+-- --2-+a2+ sm,
Vc v v

and

(29)

(30)

(31)

so that the equation of energy balance (29) reduces to

(fJ.'+fJ.il()a2atsine+vtai+~a~)=0. (32)

The first term in equation (32) arises from the stiffness coupling terms due to creep and
conicity. The second term represents the dissipation of energy by the creep damping
terms. It is easily verified that equation (32) is satisfied identically by equations (19)
and (22).

Though the motion at the critical speed has constant amplitude, energy is being con­
tinuously dissipated by the action of creep. The rate of dissipation of energy is given by
equation (30) and is, of course, equal to the energy supplied by the tractive effort given
by equation (31). Eliminating the phase angle e by means of equation (19) and the yaw
amplitude a2 with equation (22) we find that the energy dissipated in one cycle is

2J: Fdt = n~c(il(_ :D(fJ.il(+fJ.) ai,

or, eliminating Vc and Vc using equations (15) and (17)

(33)

This depends on the separation of the modal frequencies; if they are equal, the dissipa­
tion per cycle is zero, for in this case the mode of instability is the same as the kinematic
mode and there is no creepage.
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EFFECTS OF VARIOUS PARAMETERS ON STABILITY

The effects of varying the ratio of the creep coefficients f.1.1f.1.' follow from inspection
of equations (14) and (15). Assuming that both f.1. and f.1.' are large in comparison with
the elastic and inertia coefficients, Vo is a good approximation to the critical speed and as

f.1.1f.l.' -+ 0,
2 e1v -+-c • ,

]

If the ratio f.1.1f.1.' is increased then as

f.1.1f.1.' -+ 00,

Thus, if edj is greater than £2 increasing the ratio f.1.1f.1.' is destabilizing, but if £2 is greater
than edj increasing the ratio f.1.1f.1.' is stabilizing. The results obtained by Johnson [24]
indicate that the maximum ratio of the creep coefficients ilf' occurs when the ellipticity
alb of the contact area tends to zero and is then equal to 1-4. As alb is increased, ilf'
is reduced and tends to unity as alb becomes very large.

Variations of the creep coefficients f.1. and f.1.', their ratio being kept constant, do not
have any effect on the critical frequency. For large values of the creep coefficients, the
critical speed represented by Vo is similarly unaffected by the magnitude of the creep
coefficients. For sufficiently low values of f.1. and f.1.' equation (17) shows that reduction
of the value of the creep coefficients increases the critical speed and when the inequality

(
e1 -j£2)2--- >fI.
f.1.'j+f.1.

is satisfied, the system is stable at all speeds. The variation of critical speed with creep
coefficient, when J.l = f.1.', is shown in Fig. 6. In this case it is particularly noteworthy
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FIG. 6. Variation of critical speed of elastically restrained wheelset with creep coefficient /l = /l'-
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that extremely large variations in the creep coefficient have negligible effect on the critical
speed. It has been shown above that the damping of the oscillatory mode is inversely
proportional to the creep coefficient and as this coefficient is increased in value, the damp­
ing is reduced and the motion more nearly corresponds to that in the kinematic mode.
In the limit, the system behaviour is similar to that of a system subject to non-holomonic
constraints. Figure 7 shows, in diagrammatic form, the root locus for the system at a
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FIG. 7. Root locus for elastically restrained wheelset as creep coefficient Jl = Jl' is varied from zero
to infinity.

given forward speed as the creep coefficients are varied from zero to very large values.
For large values of the creep coefficient the approximate theory is valid and the roots
of the characteristic equation lie on the sectors A and B. As the creep coefficient is reduced
in value, the two real roots become equal at C and further reductions in creep coefficient
yield a complex, conjugate pair of roots, corresponding to a damped oscillation. For
small values of the creep coefficient the roots lie on sectors D and E. As explained above,
the system is stable and the two damped oscillations correspond to the uncoupled modes
of oscillation of the wheelset, lateral translation and yaw, with frequencies Bt/j and £2'
For these oscillations the damping in each mode is proportional to the creep coefficient.
The stability of the system when the creep coefficients are small can be determined by
an analysis identical to that employed by Bolotin [1] in the case of other non-conserva­
tive systems, but this aspect will not be pursued any further.

The effect of the combined geometry of wheel tread and rail head on stability can be
traced by considering equation (14) in conjunction with equations (4) and (5). Defining
a parameter

ff = WP/mV6R',

the critical speed is given by the expression

2 _ '0 r ' (Ob ' )R'J
V O - (jol(Il'j+Il)~Bl+IlB2+ ,'#'1l-IlB2-Il Bl Ii' (34)

For a given rail head radius, decreasing the radius of curvature of the wheel tread is
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stabilizing if (Fig. 8)
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(35)

Thus, decreasing the radius of curvature of the wheel tread increases the critical speed
if the axle-load is sufficiently large, or if the suspension stiffnesses are sufficiently small
as indicated by the inequality, equation (35). This inequality reflects the competing roles
of effective conicity and of gravitational stiffness, both of which depend on the geometry
of rail and wheel. Increasing the slope of the contact plane, bo, decreases the critical
speed. The limiting case when R = R', though giving a finite critical speed, is not a
realistic condition as the gravitational stiffness is infinite and lateral displacement is
prevented.

a

FIG. 8. Variation of critical speed with ratio of radius of curvature of rail head to radius of curvature
of wheel tread.

It has been found in practice that wheels which initially possess conical treads are
rapidly worn so that the treads become concave. During the wearing process, the slope
of the contact plane bo remains constant, but the radius of curvature of the wheel tread
decreases rapidly until a profile is obtained which is not subject to any further change.
For the example wheelset, reduction in the radius of curvature of the wheel tread increases
the effective conicity from 0·05 (the value of bo) when the radius is infinite to O'40when
the radius is 0'787 ft; the latter corresponds to a profile of a fully worn wheel, and the
rail head radius is, as specified above, 0·690 ft. The increase in lateral stiffness due to
curvature of the wheel tread raises the natural frequency of the lateral translation mode
of the wheelset from 1· 68 cis to 5·45 cis, and the corresponding variation of critical
speed is from 151 ftlsec to 94·9 ft/sec, indicating that in this case the destabilizing effect
of the increased effective conicity is only partly offset by the stabilizing effect of increased
lateral stiffness.
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INFLUENCE OF SUSPENSION DAMPING ON STABILITY

In order to avoid algebraic complexities, the qualitative effects of the influence of
suspension damping on stability can be discussed using the effective conicity rx as the
parameter descriptive of the stability of the system, for it has been established above that,
for the system with no suspension damping, increasing rx reduces the critical speed and
reducing rx increases the critical speed. Therefore, consider the equations of motion

(s2+b2S+82)cP1 -JlcP2 = 0,

jirxcP1 +(js2+b1s+81)cP2 = 0,

where

The characteristic equation of this system of equations is

P4A4+P3'~,3+P2A2+P1A+Po = 0,

where

P4 =j,

P3 = b2j+b 1,

P2 = jf'2 +81 + 15 1152,

P1 = 15281+151£2,

Po = £281 + jiji'rx.

As before, the critical frequency is given by

2 P1 15 281+151£2
V =-=------:-------:-

c P3 b2j+b 1 '
(37)

and the critical value of rx is given by Routh's discriminant

P4PI - P2P1P3 +PoP~ = 0,
which gives, after some reduction,

rxc = jiji,(~~b~ b
1
? ~81 -£2N + bI82 + 15 1b2(j£2 + 81) + b~j8~ .

Writing 15 1 = 15, 15 2 = 1]15, this reduces to

rxc = jiJ1'(j~+ V {(8 1-£2N+<5
2
[£2+1](j£2 +8d+1]2j8~}-

Normally, the creep coefficients will be large compared with the elastic and inertia
coefficients, and the term (8 1 - 8 2 j), proportional to the difference of the squares of the
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modal frequencies, may be neglected. Then

= '1(j2 (£2 +t:1tT)rx c , .

J1J1 1+itT

which reduces to equation (14) if the suspension dampings
Since, from (37) the critical frequency Vc is given by

2 £2 +t: 1tT
v = -'=---

c 1+j'1 '

we have the relationship

(38)

'1 and '2 are made zero.

(39)
15 1 15 2 2

rJ..c = --,Vc ·
J1J1

Noting that the critical frequency depends only on the ratio of the damping coefficients,
equation (39) shows that if the suspension damping is increased in the same proportion
as the creep damping the critical value of the conicity is increased and the system is
therefore more stable.

The effect of adding suspension damping is made more clear by considering the
free motion of an unrestrained wheelset subject to viscous damping forces. The equations
of motion for this system will be

(~+'2)S<P1 -J1'<P2 = 0,

J1!X<p 1 +(; +, ) s<p 2 = 0,

which yields a single undamped oscillatory constituent with frequency, in the notation
used above.

(40)

(41)

Thus, in this case, the effect of adding suspension damping is to reduce the frequency
of the kinematical oscillation at a given speed. Since in practical cases, the amount of
suspension damping which can be provided is likely to be small in comparison with the
damping provided by creepage, the effect on the kinematical frequency is likely to be
small at ordinary speeds.

APPLICATION OF THE THEORY TO BOGIES
The theory developed above can be extended at once to cover the case of a bogie

which consists of two wheelsets mounted in a rigid bogie frame without lateral or longi­
tudinal clearance or flexibility, Fig. 1. The equations of motion become

( 2 2}/ *} '" 2''" 0ys +VS+t:2 'f'1- J1'f'2= ,

'" (-2 2j1 *\'" 02J1!Y.'f' 1+ }S +-;;S+t:1)'f'2 = ,
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where <P 1 refers to lateral displacement of the bogie and <P2 to yaw of the bogie; the bogie
wheelbase is 2f31 and

[J. = p+p'f32,

61 = 61 +2B2f32,

and y and j are the non-dimensional mass and moment of inertia in yaw of the complete
bogie. All other symbols are used in the same sense as previously. A similar analysis
to that given for the elastically restrained wheelset yields the approximate expression
for the critical speed in the case where the creep coefficients are large compared with the
elastic and inertia coefficients

v2 = [J. (p'61 + [i.e!)
o WI. jp'+y[J. ,

and the critical frequency is given by

( '* -*)v2 = P6 1 +P6 2 •

C jp' +y[J.

The frequency of the kinematic oscillation of the bogie is given by

or in dimensional terms the well-known expression [2]

Some typical values for a bogie are as follows:

(42)

(43)

(44)

ro = 1·75 ft,

ym = 400 slugs,

k l = k2 = 20,000Ib/ft,

R' = 0·690 ft,

and taking Vo = 100 ftlsec then

p = p' = 16'7,

[J. = 65·0,

y = 4,44,

1= 2·5 ft,

jm12 = 6000 slugs ft 2
,

R = 0·787 ft,

f3 = 1,70,

CI. = 0'571,

6 1 = 0'470,

61 = 4'26,

d = 3·25 ft,

W = 9300lb,

f = f' = 3 x 106 lb,

<5 0 = 0,05,

j = 10'67,

62 = 0,278,

6! = 1·59.

With these values the kinematic wavelength becomes 41·0 ft; with coned wheels, <5 0 = 0'05,
the kinematic wavelength is 116 ft. Thus the wavelength for the bogie is almost twice
that for a single wheelset. The critical speed is 160 ftlsec and the critical frequency is
3·89 cis. With coned wheels the critical speed is 174 ftlsec, and the critical frequency is
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1·50 cis. The maximum damping factor occurs at low speeds and is given by

1]31 1( ii)t(e! c!)
V3 ,,-+0 = 2" J1(J. ii + 11' •

For the example bogie the maximum damping factor is 0·210.

CONCLUDING REMARKS

Within the limits imposed by the assumption of small oscillations, the theory indicates
that increases in suspension stiffness are effective in increasing the critical speed of the
wheelset or bogie instability. This confirms the results of Carter [3], Rocard [5] and
others for the case of bogies with coned wheels. Decreasing wheelset or bogie inertia
also increases the critical speed. The magnitudes of the creep coefficients, and suspension
damping have little effect on the critical speed in practical cases. The analysis given here
indicates the importance of wheel tread wear, which may increase or reduce the critical
speed, but which should be considered in estimating the suspension stiffness required
for stability. An important feature of the results obtained here is the small amount of
damping in the kinematic mode, particularly for the wheelset, which may be reflected
in the response characteristics of the vehicle.

General conclusions regarding the stability of railway vehicles can only be drawn
after the study of a complete vehicle in which the influence of the body freedoms is
accounted for, and this matter will be considered in a sequel to this paper. However,
the theory advanced here accounts for the main features of a particular form of instability
experienced by railway vehicles.
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Zusammenfassung-Die dynamische Instabilitat der Drehgestelle und Radsatze wird durch die zwischen den
Radern und Schienen zur Auswirkung kommenden Nachwirkkrafte in Zusammenwirkung mit der Radkonizitat
verursacht. In diesem Beitrag wird der wichtige Fall einer Instabilitat untersucht, wo die Rader mehr profiliert
als konisch gestaltet sind. Es werden Bewegungsgleichungen formuliert und Stabilitatskriterien angegeben,
welche darauf hin deuten, welche Effekte auftreten, wenn die verschiedenen Parameter des Systems verandert
werden. Ausserdem wird die Art der Bewegung bei kritischer Geschwindigkeit untersucht und die Art der
durch die vorwarts gerichtete Fahrzeugbewegung und die seitlich gerichtete Bewegung des Drehgestelles oder
Radsatzes verursachten Energiewandlung erklart.

AficTpaKT-)l;HHaMH'IecKaR HeYCToil:'IHBOCTb lICeJIe3HO,ll0pOllCHbIX TeJIellCeK H KOMrmeKTOB KOJIec HMeeT

npH'IHHoil: KOM6HHHpOBaHHOe ,lIeil:cTBHe KOHH'IecKOil: cjI0PMbI KOJIec H CHJI CKOJIbllCeHHR MellC.ny KOJIecaMH

H peJIbCaMH. B ,lIaHHoil: 6yMare HCCJIe.nyeTCR HeycToil:'1HBocTb B BallCHOM CJIy'lae, r,lle KOJIeCa HMelOT

npocjlHJIb BMeCTO npOCToil: KOHH'IecKoil: <!IOPMbI. <!>OpMyJIHPYIOTCR ypaBHeHHR ,lIBHlICeHHR H ,lIaeTCli KpHTepHil:

yCTOil:'1HBOCTH, KOTOPbIil: YKa3bIBaeT Ha B03,l1eil:CTBHe H3MeHeHHlI pa3JIH'IHbIX napaMeTpOB CHCTeMbI.

I1ccJIe.nyeTcR npHpO,lla ,lIBHlICeHHR npH KpHTH'IecKOil: CKOpOCTH H 06bllcHReTcli BH,lI npeBpameHHlI

3HeprHH MellC,lIy nocTynaTeJIbHbIM ,lIBHlICeHHeM 3KHnallCa H 60KOBbIM ,lIBHlICeHHeM TeJIellCKH HJlH KOMrmeKTa

KOJIec.


